A mesoscale model is developed by integrating the rate theory and phase-field models and is used to study the fission-induced recrystallization in U-7Mo alloy. The rate theory model is used to predict the dislocation density and the critical size and density of the recrystallized nuclei due to irradiation. The predicted fission rate and temperature dependences of the dislocation density are in good agreement with experimental measurements. This information is used as input for the multiphase phase-field model to investigate the fission-induced recrystallization kinetics. The simulated recrystallization volume fraction and bubble-induced swelling agree well with experimental data. The effects of the fission rate, initial grain size, and grain morphology on the recrystallization kinetics are discussed based on an analysis of recrystallization growth rate using the modified Avrami equation. We conclude that the initial microstructure of the U-Mo fuels, especially the grain size, can be used to effectively control the rate of fission-induced recrystallization and therefore swelling.
Introduction
Because of the high uranium loading density and stable irradiation behavior, UMo alloys are under investigation as candidate fuels for future high-performance research reactors to replace the currently used high-enriched uranium (HEU) fuels with lowenriched uranium (LEU) fuels [1] . However, a major concern about its qualification is the anomalous fuel swelling at high fission density. The contribution to the swelling comes mainly from the yield of fission gases. Because of the low solubility in U-Mo alloys, fission gases, such as Xe, have a strong tendency to precipitate into bubbles at locations of many radiation defects and grain boundaries. However, the thermal-induced defects diffusion is relatively low in research reactors because of the low operation temperature (usually lower than 200 o C). The formation and growth of fission-gas bubbles are attributed mainly to fission-enhanced diffusion [2] . Because of the high burnups pursued in U-Mo fuels, fission-induced recrystallization, also called grain subdivision, further expedites the formation and growth of gas bubbles at high fission density. The acceleration of swelling in U-Mo fuels at high fission density may be closely related to the recrystallization process. Recrystallization often starts at existing grain boundaries [3, 4] . Subsequently, the front of the recrystallized grain moves into the center of the grain and eventually consumes the entire grain. Increasing the grain size and reducing the grain boundary area in U-Mo fuels by heat treatment may lead to delayed recrystallization process and reduced fuel swelling [5, 6] .
So far, the exact mechanism of fission-induced recrystallization is not clear.
Several complex processes-such as fission gas bubble formation, and grain growth-are simultaneously involved in this phenomenon [3] . Possible mechanisms related to ! recrystallization include a decrease in the potential recrystallization sites as a result of the interaction with vacancy-impurity pairs [7] , buildup of stored energy in the grains because of the irradiation damage [8] , stress effects due to the introduction of the high pressure of the gas bubbles [9] , instability phenomena [10] , and atomic cascades induced by the fission fragments [11] . A good understanding of the initiation and development of recrystallization from either theory or experiment can effectively delay the grain subdivision process and further reduce the fuel swelling.
Several simulation techniques have been used to study the recrystallization and grain growth phenomena in various materials, including the kinetic Monte Carlo method [12, 13] , cellular automata model [14] [15] [16] , rate theory model [3, 7, 17, 18] , and phasefield model [19] [20] [21] [22] [23] [24] [25] [26] [27] . For example, Rest et al. investigated the radiation-induced recrystallization and swelling in several fuel materials, such as UO 2 , U 3 Si 2 and U-10Mo, using rate theory model [3, 7, 17, 18] . However, the rate theory model cannot be used to study the effect of initial microstructure on the recrystallization and swelling because of the lack of microstructural information in such a model. As a comparison, the phase-field model can simulate the grain microstructure at mesoscale, which describes the microstructure with spatially continuous and time-dependent phase-field variables and naturally treats the material interfaces in a diffuse-interface description. In the phase-field model, the interfaces are not tracked explicitly during the microstructural evolution; therefore, no a priori assumption regarding the complex microstructure morphology is required [28] . Based on the grain growth models used by the phase-field modeling, we can categorize the current recrystallization models into three groups: (1) grain growth model based on Fan and Chen's model [21, 22, 27, 29, 30] ; (2) grain growth model based on Steinbach and Pezzolla's model [19, 20, 24, 25, 31, 32] ; and (3) grain growth model based on Kobayashi, Warren, and Carter's model [23, 26] . These models were developed to study either static or dynamic recrystallizations. To our best knowledge, however, no microstructural evolution model has been developed for fission-induced recrystallization.
The irradiation condition is believed to play an important role in the recrystallization process. Moreover, the interaction between the subgrain growth and fission-induced defects such as gas bubbles makes the recrystallization process even more complex.
In this paper, we develop a mesoscale model by integrating the rate theory model and phase-field model, and we use our model to study the fission-induced recrystallization in U-7Mo alloy. The nucleation process of recrystallized grains is not directly simulated this work. Instead, we assume that the recrystallized grains are already nucleated on the grain boundaries with the critical size and concentration of recrystallized nuclei determined by the rate theory model [17] . Experimental observations indicate that fission events can produce a high density of dislocations in metallic fuels, such as U-Mo [33] . The evolution of the dislocation is assumed to be an integral step leading to recrystallization [17] . The increased dislocation density results in a stored energy in the grains, which provides a driving force for the growth of subgrains. The grain growth behavior is then simulated by a multiphase phase-field model. During recrystallization, fission-gas bubbles are introduced in the grain structure, in which they either interact with the grain boundary or act as nucleation sites for recrystallization.
The remaining manuscript is organized as follows. Section 2 presents the mesoscale model for the fission-induced recrystallization including the rate theory and the phase-field models. Section 3 summarizes the material properties used by the rate ! theory model, which are obtained from either experimental measurements or density functional theory (DFT) calculations. Section 4 presents the computational details of the phase-field simulations. Detailed simulation results and discussion are given in Section 5.
Section 6 provides conclusions and briefly discusses future work.
Mesoscale model of recrystallization
This section describes the development of a mesoscale model by integrating the rate theory model predicting the density and critical radius of the recrystallized nuclei and the dislocation density and the phase-field modeling of the subgrain growth in U-7Mo alloy.
Rate theory model of dislocation density and nucleation of recrystallization
According to Rest [17] , the evolution of cellular dislocation structure is the integral step leading to fission-induced recrystallization. The walls of cellular structure and/or the grain boundaries of the subgrain structure are considered to be potential recrystallization nuclei. The initial dislocation density at the steady state is calculated by [17] 
where ! ! = 2 ! ! is the rate constant for nucleation of loops as di-interstitials, a is the lattice constant, ! ! = 4!! !" ! is the rate constant for loss of defects due to recombination, ! !" is the radius of the recombination volume, ! is the atomic volume, L is the cell length, ! ! is the relative bias between interstitials and vacancies for ! dislocations, K is the displacement rate, and ! ! and ! ! are diffusivities of vacancy and self-interstitial atoms.
The dislocations introduced by fission can produce a long-range stress field. Such a stress field can be considered as stored energy in the grain structure, which causes structural instability and results in smaller recrystallization nuclei. The growth of subgrains is proportional to the dislocation density. The recrystallization nuclei can grow only when they are larger than a critical size. The critical subgrain size can be estimated by [17] 
where ! ! is a constant of the order unity, ! ! = !! ! is the number of nuclei per unit volume,!! is the number of nuclei formed per fission event, ! ! is the fission density,
Poisson's ratio, ! ! and ! ! are constants, and ! is a factor that takes into account the lower force that acts on the dislocations when the precipitates are passed by climb.
Based on the rate theory model, the potential recrystallization nuclei are taken to be the nodes, or triple points of the cellular dislocation or subgrain structure. The density of the nuclei is related to the cell size, which is further related to the dislocation density by minimizing the total energy (dislocation line energy plus the stored energy). Thus, the initial concentration of recrystallization nuclei related to the dislocation density from the rate theory becomes [17] 
! This predefined information will be used by the phase-field model in the next section for modeling the grain subdivision process.
Phase-field modeling of recrystallization
Once the recrystallization nuclei are nucleated, the growth kinetics is controlled by the grain growth law. In the phase-field modeling of the fission-induced recrystallization in U-7Mo alloy, the grain parameter ! ! !, ! is chosen to describe the polycrystalline structure, and ! ! is chosen to describe the fission gas Xe concentration.
For simplicity, the formation and diffusion of vacancy and self-interstitial atom are not explicitly modeled in this work. The total free energy of the system can be described by
where ! !"#$ !is the bulk free energy density describing the composition and volume fraction of the equilibrium phases; ! ! and ! ! are the gradient energy coefficients for the phase parameter and composition, respectively; p represents the total number of grain orientations in a grain structure; and ! !"#$%& is the increased dislocation density resulting in a stored energy.
The bulk free energy used for the multiphase grain growth model is described by
! where the last term describes the interactions between fission gas and grain boundaries.
Parameters A, B, C, W, and S I are positive constants.
The stored elastic energy in each grain due to the dislocation is described as
where G is the shear modulus, b is the Burgers vector, and ! ! is the dislocation density for each grain.
The spatial and temporal evolutions of grain parameters and Xe concentration follow the Allen-Cahn and Cahn-Hilliard equation [34] ,
where Lη is the kinetic coefficient of grain boundary movement, ! is the gas atom mobility, and ! is the thermal-induced fluctuation. Gradient coefficient
Materials properties
The displacement rate K in U-7Mo is predicted to be 7.55 dpa/s by the Monte Carlo simulation code SRIM (Stopping and Range of Ions in Matter) [37, 38] . Therefore, ! the conversion constant B in equation ! = ! ! is estimated to be about 5.0×10 23 fissions/dpa/m 3 .
In real polycrystalline U-7Mo fuel samples, the grain boundary energy σ !" !and mobility M vary from grain boundary to grain boundary, depending on the grain boundary misorientation and inclination. However, the mathematical models usually ignore the variation of grain boundary energy and mobility. A single value for σ !" !and M was used for all grain boundaries in the present simulations. This simplified scenario, called idea grain growth, is used extensively by computer simulation [39] [40] [41] [42] .
The input parameters for the phase-field simulations are determined as follows.
According to Moelans et al. [43] , the interfacial thickness (! !" ), expansion coefficients of chemical free energy, interfacial energy (σ !" ), and gradient coefficient are interrelated in the phase-field model. For a symmetrical phase parameter profile with the saddle point of the free energy located at ! ! = 0.5, the relationships can be expressed as
Using the grain boundary energies of U-7Mo alloy calculated by DFT [6] , we determine the gradient coefficient ! ! and the coefficients A, B and C for the bulk free energy function to be 5.55 
Phase-field simulation details
! To study the statistically averaged kinetics and topological features of the ideal two-dimensional recrystallization, we performed phase-field simulations on a simple square domain. The phase-field model was implemented in an in-house simulation code, and the semi-implicit FFTW numerical method was employed to solve the coupled equations (7-8) [44] . Periodic boundary conditions were imposed on the simulation domain.
The initial gain structure was generated by using the conventional phase-field grain growth model. The initial grain size can be controlled by the evolution time. In order to simulate the recrystallization, the newly formed subgrains were randomly seeded on the grain boundaries. The nuclei were assumed to have a circular shape. The corresponding new phase parameter was created for each recrystallized grain. The critical size and density of the nuclei at different irradiation rates and temperatures can be determined according to Eqs. (2-3). The dislocation density calculated from the rate theory model (see Eq. 1) is assumed homogeneous through the grain microstructure, which was set as zero for the newly formed sub-grains.
Similar to the subgrain growth, the nucleation of gas bubbles was neglected in this simulation. We focused on the gas bubble evolution after nucleation in order to simplify the modeling. The nucleated gas bubbles were randomly introduced on the grain boundaries with the bubble size from 0.1 µm to 0.3 µm. The rate of introduced gas bubbles was controlled so that its density best reproduced the experimental results [4] .
A model size of 25.6 µm×25.6 µm and the grid size ∆x = ∆y = 0.05 µm were used in the simulations. The average initial grain size was around 3-10 µm, which is consistent with the initial grain size measured in the U-Mo dispersion fuels [4] . The temporal evolution of grain structures with different initial grain size were studied in detail. In order to differentiate the different grains in the simulations, a function
is used, which takes a value of unity within the individual grain and a smaller value along the grain boundary region.
Results and discussion
In this section, we first estimate the initial dislocation density, critical size and density of recrystallization nuclei using the mechanistic rate theory models by Rest [17] .
With this information, we conducted the phase-field simulations of radiation-induced grain subdivision processes and gas bubble evolutions in the U-7Mo alloy.
Dislocation density by rate theory model
By adopting the rate theory model, the initial dislocation densities for the onset of recrystallization can be estimated using Eq. (1). The recrystallization starts when the fission density is above 2.40×10 21 cm -3 as indicated from experiments [4] . Figure 1 shows the calculated dislocation density in the irradiated U-7Mo alloy as a function of the fission rate and temperature. The predicted dislocation density is on the order of 10 15 m -2 , which is consistent with the dislocation density in the in-pile-irradiated U-7Mo fuel measured by Miao et al. [45] . We note that the experimental data was measured at slightly different temperatures and fission rates. Overall, the dislocation density in the U7Mo alloy increases with the increasing fission rate and temperature. Thus, a high fission rate and temperature may expedite the recrystallization process. Fig. 1 . Dependencies of dislocation density on fission rate at temperature of 373K (a) and on temperature at fission rate of 3.0×10 14 cm -3 s -1 (b) predicted by the rate theory models [17] . The experimental data were measured by Miao et al. [45] .
The critical size and density of the recrystallization nuclei were also computed by using Eqs. (2) and (3). The critical nucleation size is estimated to be 7.07 nm, and the critical sub-grain density is predicted to be 5.64×10 13 m -2 . Since the predicted critical size is much smaller than the grid size used in the current phase-field simulations, a larger critical nucleation size of 0.2 µm, four times larger than the grid size, was adopted in order to make the simulation feasible. In order to maintain the same total area of the nuclei, the calculated density of nuclei was set as 1.06×10 12 m -3 .
Recrystallization kinetics by the phase-field model
With the predicted dislocation density, critical nucleation size, and density of recrystallized nuclei, the recrystallization kinetics of U-7Mo alloy were simulated by using the multiphase phase-field model. The simulated microstructure evolution in U7Mo with respect to fission density is shown in Fig. 2 Black: gas bubbles.
The recrystallization starts from the pre-existing grain boundaries. These recrystallized grains then grow toward the center of the original grains as a result of fission. The number and size of the initial grains decrease with increased fission density.
The newly formed grain boundaries become new nucleation sites for recrystallization.
With increased area of grain boundaries, the number of recrystallized grains significantly increases at high fission density. The full recrystallization of the U-7Mo alloy at a fission rate of 3.0×10 14 cm -3 s -1 can be achieved at a high fission density around 5.5×10 21 cm -3 .
The grain size of fully recrystallized U-7Mo alloy ranges from 0.2 µm to 0.5 µm [47] .
During the recrystallization process, the grain boundary energy and stored energy are the main driving forces for grain growth. The grain boundary energy drives the large grains to grow at the expense of small grains with the reduction of grain boundary energy. The stored energy in the deformed grains induces the growth of recrystallized grains. Within the recrystallized area or after the fully recrystallization, the grain growth is driven only by the grain boundary energy.
The nucleation and growth of gas bubbles are responsible for the fuel swelling.
Similar to recrystallization, they prefer to nucleate on the existing grain boundaries. If two bubbles get close to each other, they can coalescence into a bigger bubble. The density of gas bubbles increases with the increasing fission density because of the ! increased grain boundary area. The increasing number and size of fission gas bubbles at high fission density lead to the further increase of fuel swelling.
To study the recrystallization kinetics, we calculated the recrystallized volume fraction as a function of fission density with the fission rate ! = 3.0×10 14 cm -3 s -1 . The recrystallization volume fraction was obtained by dividing the total volume of the recrystallized grains and newly formed gas bubbles by the initial sample volume, an approach similar to the one used by Kim et al. [4] . To validate our model for the gas bubbles, we first compared the calculated fuel swelling due to gas bubbles with experimental measurements [4] , as shown in Fig. 3(a) . Good agreement between simulation and experimental results implies that the current model for gas bubble evolution is reasonable. We note that intragranular gas bubbles are not considered in this model. Therefore the total volume of gas bubbles is underestimated at low fission density since fission gases exist mainly in intragranular bubbles at low fission density. The predicted volume fraction of recrystallized grains is depicted in Fig. 3 (b) together with experimental data compiled by Kim et al. [4] . Good agreement with experimental results is obtained in the whole range of fission density. 
where ! !" is the fuel volume fraction with subdivided grains, K is the recrystallization reaction constant related to the Mo content, F 0 is the incubation fission density below which recrystallization does not occur, and n is the Avrami exponent that is dependent on the nucleation and growth mechanism of recrystallization. Experimental measurements of recrystallization kinetics are usually compared with the JMAK model by plotting log −!" 1 − ! !" against log ! ,or log ! − ! ! for fission-induced recrystallization.
! According to Eq. (10), this should yield a straight line of slope equal to the Avrami exponent n. As shown in Fig. 4(a) , the calculated log −ln 1 − ! !" shows a good linear relationship with log ! − ! ! when the fission density is lower than 4.5×10 21 cm -3 . By fixing the critical fission density F 0 at 1.67×10 21 cm -3 , the Avrami exponent n is determined to be 2.81, which is consistent with the value of 2.6 obtained by Kim et al. from the fitting of experimental data [4] . However, experimental data rarely shows perfect agreement with the JMAX model. For example, Gordon and Vandermeer's work on 40% cold-rolled aluminum alloys showed that the JMAX slopes fall below the straight line at long annealing time [48] . In contrast, our simulation suggests that the JMAX slope shows a strong positive deviation at fission density above 4.5×10 21 cm -3 . We believe such a discrepancy comes from the inclusion of secondary phases in the calculation of the total volume of the recrystallized grains-gas bubble phases in this case. To exclude the effect of gas bubbles, we recalculated the total volume fraction of recrystallization as a function of fission density without bubble phases, as shown in Fig. 4(b) . As expected, the recalculated logarithmic plot shows a negative deviation at high fission density, indicating a decreased Avrami exponent n at high fission density. The linear part gives a value of 2.81 for the Avrami exponent n. 
Effect of grain size on recrystallization
The initial grain size can play an important role in the fission-induced recrystallization and swelling of nuclear materials. Unfortunately, few experimental studies have been done on the effect of grain size for U-Mo alloy fuels. The initial grain size is expected to affect the rate of recrystallization in several ways. For example, grain boundaries are favored nucleation sites, and therefore the number of available nucleation sites is greater for a fine-grained material. Generally, a fine-grained material recrystallizes more rapidly than does a coarse-grained material [49] .! In this work, the grain boundary is the main factor that affects the recrystallization kinetics, since the stored energy and deformation inhomogeneities are considered the same for different grain size structures. The small grain area can reduce the propagation rate of the recrystallization front, and the short grain boundary length can decrease the possibility of the formation of recrystallized nuclei. To study the grain size effect, we constructed two additional grain structures with relatively larger original grain size, 5 µm and 9.6 µm. The fission rate was set as 3. To study the effect of the initial grain size on the rate of recrystallization, we compared the volume fraction of the recrystallized grains as a function of fission density for three different initial grain microstructures. As shown in Fig. 7(a) , the case with the smallest initial grain has the largest volume fraction of recrystallized grains, and this effect becomes more prominent at high fission density. Accordingly, the full recrystallization in the microstructure with the largest grain size is achieved at the highest fission density of 6. ! with the JMAK model using a logarithmic plot as shown in Fig. 7(b) . The Avrami exponent n is determined to be 2.81, 2.75, and 2.55 for the microstructures with the initial grain size of 3.0, 5.0, and 9.6 µm, respectively, indicating that the rate of recrystallization is reduced because of the increase in the initial grain size. We point out that the recrystallization kinetics in the microstructure with the largest initial grain size of 9.6 µm shows a strong negative deviation from the ideal JMAK model at high fission density, consistent with the previous study of the recrystallization kinetics of cold-rolled copper with different initial grain sizes [49] . 
Effect of grain aspect ratio on recrystallization
During the fabrication of monolithic U-Mo fuel plates, the fuel plates are hotrolled in order to achieve the desired plate thickness and better mechanical bonding between U-Mo fuel layer, Zr diffusion barrier layer, and Al cladding. After hot rolling, the grains in the fuel layer are found to be elongated along the rolling direction, resulting ! in different grain aspect ratios in the fuel [50] . Thus, the grain morphology and grain boundary in the monolithic U-Mo fuels differ significantly from that in the atomized U- Therefore, it is of critical importance to understand the effect of grain morphology on the recrystallization in both monolithic and dispersion fuels of U-Mo. For the normal grain structure, the newly formed subgrains are nucleated on the grain boundaries equally in all directions. For an elongated grain structure, however, more subgrains are formed on the grain boundaries parallel to the elongated direction than on the grain boundaries perpendicular to that direction. At a fission density of 3.8×10 21 cm 3 , considerable grain boundaries along the elongated direction are not fully recrystallized, as shown in Figs. 9(b) and 9(c). This phenomenon is more prominent for the grain structure with a larger grain aspect ratio, as shown in Fig. 9(c) . This can be attributed to the increased grain boundary length in the grain structure with increasing grain aspect ratio due to hot rolling, and therefore the increased nucleation density of recrystallization nuclei. Our simulations also indicate that the much shorter grain boundaries perpendicular to the elongated direction are fully recrystallized earlier than the longer grain boundaries parallel to the elongated direction, a result that is consistent with the fact that the triple points in grain structure are favored nucleation sites for recrystallization. We also investigated the effect of grain aspect ratio on the recrystallization kinetics of U-7Mo alloys as a function of fission density. As shown in Fig. 10(a) . The grain structure with the largest aspect ratio of the initial grains shows the highest rate of recrystallization. Full recrystallization is achieved at a fission density of 5.4, 5.7, and 6.0×10 21 cm -3 for the aspect ratio of 1:8, 1:3, and 1:1, respectively. Figure 10(b) shows the JMAX plot of the recrystallization kinetic. From the linear fitting of the recrystallization data, the Avrami exponent n, is predicted to be 2.81, 2.84, and 2.93 for the initial grain aspect ratios of 1:1, 1:3, and 1:8 µm, respectively. The increased value of the Avrami exponent due to the increased grain aspect ratio also is consistent with the conclusion that increased grain aspect ratio can lead to a higher recrystallization rate. 
Conclusions
A mesoscale model was developed by integrating the rate theory and phase-field model and was used to study the fission-induced recrystallization in U-7Mo alloys. The phase-field simulations can reproduce well the microstructure evolution during the grain subdivision process. The predicted fission density dependence of the recrystallized volume fraction agrees well with the experimental data. The Avrami exponent n was determined to be 2.81 from the JMAK plot, which is close to the experimental value.
Consistent with previous theoretical and experimental studies, the fission rate appears to have only a minor effect on the recrystallization in U-Mo alloy fuels. The grain morphology in the initial microstructure is found to have a significant impact on the recrystallization kinetics, especially the initial grain size. Increased initial grain size in the microstructure can notably reduce the rate of recrystallization and therefore delay the full ! recrystallization to a higher fission density. The effect of grain size on the recrystallization kinetics can be correlated with the grain boundary length. Moreover, our results show that a high grain aspect ratio of initial microstructure is not favored because of the increased grain boundary length compared with the grains with 1:1 ratio. It should be pointed out that the effect of the grain aspect ratio on the recrystallization kinetics of the U-7Mo alloy is considerably less prominent than that of grain size. Therefore, it is desired to increase the grain size and reduce the grain aspect ratio in the U-Mo dispersion and monolithic fuels in order to suppress the fuel recrystallization and therefore fuel swelling. We believe the present study of fission-induced recrystallization will be useful for improving the fuel performance of U-Mo alloys.
We point out some of the limitations of the models used in this work: (1) the nucleation processes of subgrains and fission gas bubbles are not considered in the current model; (2) the recrystallization in different grains is treated homogeneously; (3) the recrystallization is assumed to be static (i.e., the dislocation density does not evolve with time); and (4) other defects such as vacancies and self-interstitial atoms are not considered. We plan to address these issues in our further work. 
